In a previous article the force between a dielectric cylinder and a conducting half-space for the cylinder approaching the half-space was obtained as the limit of a non-uniformly-convergent series. A special asymptotic analysis was performed to get a closed-form solution for this limit. The present article focuses on a delicate and crucial step in this analysis and gives a justification by a mathematically rigorous proof.
Introduction.
In [1] the force between a dielectric cylinder and a conducting half-space was obtained. The limit case for the cylinder approaching the half-space was expressed as the limit of a non-uniformly-convergent series. It was demonstrated that the use of asymptotic techniques led to an explicit expression for this limit. This was first shown for a conducting cylinder, for which the resulting expressions are somewhat simpler. Finally, the same technique was applied to the dielectric cylinder case.
In the present article the series obtained for the conducting cylinder will be focused on. First, a rigorous proof will be given for the non-uniform convergence. Then, a crucial step in the asymptotic technique will be scrutinized.
It will be demonstrated that this step is not trivial by looking at the necessary and sufficient conditions for its validity in a simpler case. Finally, a rigorous proof will justify its application to the present series.
2. Basic problem.
In [1] the force K* between a conducting cylinder and a conducting half-space was shown to satisfy (taking the same notation as in [1] ):
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To obtain the force when the cylinder approaches the half-space the limit for uo -> 0 has to be taken. By performing numerical calculations of Eq. (1) for small values of uq one soon discovers that switching the limit with the summation sign is not allowed, i.e., 00 v jy 00 ^ jy lim wosinhuo / 77-7^ lim wosinhuo^^.
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Indeed, numerical calculations point to a limit value of 1/2, whereas it is not difficult to show (by expansion in Taylor series or application of the rule of de l'Hopital) that each term on the right of Eq. (2) tends to zero. This implies that the limit function is not continuous in 0 and consequently that the series is not uniformly convergent in u0 over the interval [0, a] where a is some positive real number. Intuitively this can be better understood if one realizes that no matter how small Uq is chosen, it is always possible to find a value of n big enough to yield a significant contribution of nuoIn [1] the problem of taking the limit was tackled by formally letting uq -> 0 without making any assumption about the size of uuq. This led to Nn ~ n(sinhnwo -nuo coshniio), uq -■> 0
and
Since Eqs. (3) and (4) are crucial in the theoretical derivation in [1] , it is worthwhile to analyse these steps critically For instance, although it is clear that sinh(n + l)uo 7^ sinhnwo, Uo -> 0, n G N+, n fixed,
one could be led to believe the contrary by comparing Eqs. (1) and (4). An important point is that in the deduction of Eq. (4) n is not fixed, since at fixed n the expression wo ->' 0 implies nuo -► 0, in contradiction to the no-size-assumption of nuo. In the following sections these intuitive thoughts will be justified by rigorous mathematical proofs.
Proof of the non-uniform
convergence.
In what follows the terms of the series in Eq.
(1) will be denoted by an(uo), i.e., n sinh uq cosh uuq -cosh uq sinh nuo sinh2 nuo sinh(n + l)uo
The present proof basically consists in proving that
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First, two preliminary theorems will be given. .f('x) = J *jjjcd£> f 2iu°d^ x>1,uq>0, 
ln(l -q), k = -1,
The first two parts of the theorem were derived in [1] ; the last part reduces to the definition of the Riemann ^-function.
Corollary.
For uo -» 0+, m > 0 the following relations hold:
• _ fe>0. 
71=1
Eqs. (7) and (8) imply that the limit function is not continuous. A well-known theorem states that a uniformly convergent series of continuous functions over some interval J has a continuous limit function over J [3] . Thus, the series I* is not uniformly convergent in [0,a], a € R+.
Simplification of the series.
In what follows frequent recourse will be taken to series that are easy to sum and that are termwise greater or smaller than the series at stake without changing the fundamental asymptotic behaviour in the areas of interest. In this context the following inequalities will frequently be used. 
(ii) 0 < ----< sinh a; < xex. This is satisfied, since the terms in both series decay exponentially. For example, for the second series, one obtains, using Theorem 4:
sinh nu0 sinh(n + l)u0 sinh2 nu0 «,
which is a convergent series. Using the linear properties of the limit operator combined with the asymptotic behaviour of sinh x and cosh x for x -> 0 one arrives at 
Proof. The first inequality is trivial. Furthermore, f(x) = sinh xuo (cosh Uo -1) + coshxito sinhuo < Uq sinh XU(] + 2uocoshxuo, 0 < uo < 1,
< xuQeXUo + 2uoexu°, xu0 >0. □ Theorem 8. n > 1, 0 < Uq < 1.
(42)
Since 2 + nu,Q < 2 + nuo < 2(1 + nuo), 1 + nuo + uq < 2 + nuo < 2(1 + nuo) for 0 < Uo < 1, n > 1 one gets
n > 1, 0 < uo < 1.
Taking the limit for uo -> 0 of the sum of the above expression split into four contributions corresponding to the four terms in square brackets yields, using the Corollary of Theorem 
uo->0 ' n=1
Since dn(uo) > 0 for uq > 0, n > 1 (cf. Theorem 6 and Eq. (36)), this leads to lim jr dn{u0) = 0,
Uo-► 0 z-' n=l which was to be proven. Thus, it was legitimate to replace (n + l)uo by nuo in Eq. (1).
Conclusions.
A crucial and at first intuitive step in the asymptotic analysis for a given non-uniformly-convergent series was analysed in depth. It was shown that the step is not trivial and a rigorous mathematical proof justifying its application was obtained.
